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1. Suppose Y ∼ Np(µ,Σ) where Σ = σ2 (Ip + ρ11′), 0 < ρ < 1.
(a) Show that σ (Ip + α11′) = Σ1/2 if α = (

√
1 + pρ− 1)/p.

(b) Find the probability distribution of Z = 1

σ

(

Ip − α
1+pα

11′

)

(Y − µ).

(c) Show that Z′Z ∼ χ2
r. Find r.

(d) Find the partial correlation coefficient, ρ13.2, between Y1 and Y3 given Y2

(Y = (Y1, Y2, . . . , Yp)
′). [3+4+2+3]

2. Consider the modelY = Xβ + ǫ, whereXn×p has 1 as its first column and

may not have full column rank; also ǫ ∼ Nn(0, σ
2In). Let β̂ = (X′X)−X′Y

and RSS = (Y −Xβ̂)′(Y −Xβ̂), where (X′X)− is any generalized inverse
of (X′X).
(a) Find the joint distribution of (1′Y, RSS).
(b) Suppose p = 2. When do we have that β̂0 and β̂1 are independently
distributed? [6+6]

3. Consider the one-way model:

yij = µ+ αi + ǫij, 1 ≤ j ≤ 10; 1 ≤ i ≤ 4,

where ǫij are i.i.d. N(0, σ2), with the standard identifiability constraints on
αi.
(a) Show that α1 − α2 is estimable.
(b) What is the Bonferroni inequality used for multiple comparisons?
(c) Construct a 100(1− α)% simultaneous confidence set for
(α1 − α2, α2 − α3, α3 − α4). [3+3+6]

4. Consider testing the hypothesis H0 : β1 = β2 = · · · = βp−1 = 0 under the
model Yn×1 = Xn×pβp×1 + ǫn×1, where ǫ ∼ Nn(0, σ

2In).
(a) Define the F-ratio statistic to test H0. Find its expected value when H0

is true, and again when H0 is false. Explain why the expected value is larger
when H0 is false.
(b) Define the coefficient of determination, R2. Find its probability distribu-
tion when H0 is true, and show that it is a standard distribution. [9+5]


